Abstract: A recent paper [H. C. Song et al., J. Acoust. Soc. Am. 127, EL19-EL22 (2010)] demonstrated adaptive time reversal (ATR) using at-sea experimental data which significantly suppressed the cross talk among users (or transmitters) over conventional time reversal. In this letter, the ATR approach is shown essentially equivalent to the least squares solution to an over-determined system.
Introduction
Over the last decade time reversal (TR) communication [1] [2] [3] [4] has emerged as an alternative to conventional adaptive multichannel decision-feedback equalizers (DFEs) 5 in time-varying, dispersive multipath underwater environments. TR exploits spatial diversity to achieve temporal focusing characterized by the q-function 6,7 which mitigates intersymbol interference (ISI). However, temporal focusing is not perfect [i.e., q(t) 6 ¼ d(t)] and typically a post-processor (i.e., a single-channel DFE) is required to remove any residual ISI. As illustrated in Fig. 1 , the cascade of TR combining and DFE (TR-DFE) provides near-optimal performance in terms of output signal-to-noise ratio. 7 Since knowledge of the channel is incorporated, TR-DFE can be viewed as a channel-estimate-based decision-feedback equalizer (CE-DFE). 8 The TR approach has been extended to time-varying channels using a block-based approach with frequent channel updates using previously detected symbols (decision-directed mode). 9 The spatial focusing capability of TR also has been exploited for multiuser or MIMO (multiple-input/multiple-output) communications involving multiple transmitters. 10 Similar to the ISI case, spatial focusing is not perfect and the cross talk among users or co-channel interference (CCI) among transmitters cannot be completely eliminated using conventional time reversal (CTR) combining. As a result, adaptive time reversal (ATR) combining followed by a DFE (ATR-DFE) has been developed to suppress the CCI, offering significant performance improvement over the CTR counterpart (CTR-DFE). 6, 11 Subsequently, two similar approaches have been proposed to provide an additional CCI mitigation: Successive interference cancellation (SIC) 12 and parallel interference cancellation (PIC). 3 Note that both approaches are applied to a single-channel time series after CTR multichannel combining [i.e., q(t)] to remove the CCI, but prior to the DFE, such that CTR-SIC-DFE and CTR-PIC-DFE, respectively. For timevarying channels, the two approaches can be implemented on a block-by-block basis along with channel re-estimation. 3 Alternatively, Cho et al. 13 recently proposed a cascade of SIC and ATR followed by a DFE (SIC-ATR-DFE) where the SIC is applied to each individual channel, prior to the ATR multichannel combining.
Based on the concept of a minimum variance distortion-less response (MVDR) array processor, 14 ATR is implemented in the frequency domain exploiting knowledge of the channel from each user or transmitter at the receiver (i.e., base station) and then adaptive time domain filters are generated to replace the CTR filters for adaptive diversity combining with minimal CCI from other users or transmitters. 6, 11 In this letter, the ATR weight vector in the frequency domain is further analyzed and shown essentially equivalent to the least squares (LS) solution to an overdetermined system with a matrix consisting of channel transfer function vectors from each user or transmitter as the columns.
ATR
As depicted in Fig. 1 , denote h j i (t), i ¼ 1,…,M as known channel responses from a user or transmitter j (denoted in the superscript) to a vertical receiver array consisting of M elements. Note that the channel response includes the shaping pulse, transmit filter, channel impulse response, and receive filter. The CTR approach then extracts signals from each user j simply by matched-filtering the received signals r i (t) with each set of the channel responses h j i (Àt) and combining (i.e., spatio-temporal matched filtering). An adaptive filter is derived in the frequency domain and then converted back into the time-domain filter using an inverse fast Fourier transform. For notational convenience, we will suppress the frequency f unless specified for clarity.
For simplicity, consider a two-user case (N ¼ 2) which can be easily generalized to more users. Let us define a column vector d j as the collection of channel frequency responses H j i (f) from each user j such that
where T denotes the transpose operation. Denoting a column vector w as a weight vector (spatial filter) applied to the received array data r consisting of signals from both users, w † r where the superscript † denotes complex conjugate transpose. For CTR combining, w j ¼ d j for each user j, which ignores the cross talk or CCI resulting from spatial correlation between the two users,
To suppress the cross talk, an ATR weight vector for user j is given in Ref. 11,
R is a synthesized cross spectral density matrix (CSDM) exploiting knowledge of channel responses at the receiver array and K j is a normalization constant such that
r 2 is a small diagonal loading factor included for matrix inversion since N < M (i.e., pseudo uncorrelated noise power) and I is an identity matrix.
14 Note that a typical value used for diagonal loading is about 10% of the trace of the matrix R prior to loading divided by the matrix size of M (i.e., average signal power at an element level), but a broad range of values can provide similar performance. 1 Using the matrix inversion formula referred to as Woodbury's Identity, 14 we can simplify the weight vector w j as follows. Consider the weight vector w 1 for User 1 and rewrite
and
Note that w 1 remains unchanged with the substitution of rank-1 reduced R 1 (i.e., interference-plus-noise CSDM) for R, which is the case when the steering vector d 1 for User 1 corresponds exactly to the signal vector of interest (i.e., d s ¼ d 1 ) contained in R where d 2 is considered a discrete interference vector.
14 Applying the matrix inversion formula again to R 1 ,
Then
Similarly, an adaptive filter w 2 for User 2 can be derived by substituting d 1 with d 2 in the above equation.
LS
Assume that the number of users or transmitters N is less than M, the number of array elements. In the absence of noise, the received signal vector in the frequency domain r(f) can be written in a compact form
where
T is a user signal (symbol) vector. The well-known LS solution to the over-determined equation leads toû ¼ w † LS r where
To examine the equivalence of the ATR and LS solution, we consider a twouser case as before (i.e., N ¼ 2). Then
D ðd 1 À pÞ:
As illustrated in Fig. 2 , the second term in the bracket of Eq. (13) corresponds to the projection of d 1 onto d 2 and thus the vector (d 1 À p) or w LS1 is orthogonal to the interference vector d 2 . We observe that the only difference between this expression and the one based on ATR in Eq. (7) is the small diagonal loading factor r 2 that appears in the denominator of the second term of Eq. (7) in addition to the scale factor. Since r 2 is a small regularization constant added for matrix inversion, essentially the two approaches provide the same solution.
Discussion
The equivalence of the ATR and LS solution is demonstrated that effectively suppresses the cross talk or CCI in multiuser or MIMO communications. To confirm this, both approaches were applied to the data in Ref. 11 involving three users/transmitters (N ¼ 3) and resulted in an almost identical performance.
It is worth noting that the frequency-domain LS solution presented in Sec. 3 corresponds to the zero-forcing detection technique in multi-carrier MIMO-OFDM (Orthogonal Frequency-Division Multiplexing) systems widely used in wireless channels. 15 However, the primary objective of ATR in broadband, single-carrier communication systems is to suppress the CCI between transmitters or cross talk between users. While ATR also simultaneously mitigates ISI, the ISI is not completely eliminated as evident from Fig. 5 in Ref. 6 , Thus the ATR subsequently is followed by a DFE to suppress the residual ISI (ATR-DFE). In contrast, multi-carrier MIMO-OFDM assumes that the channel frequency responses H i (f) are flat over the bandwidth of each subcarrier (i.e., no ISI) and an additional equalizer is not required.
